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Using recently proposed new solution generating technique, we construct the charged version
of Pomeranski-Senkov doubly rotating black ring in the U(1)3 five-dimensional supergravity. For
arbitrary values of charges the solution is unbalanced, but the Dirac-Misner string is removed when
two of the charges are set to zero. In this particular case our solution can be uplifted to some
solution of six-dimensional vacuum gravity.
PACS numbers: 04.20.Jb, 04.50.+h, 04.65.+e
I. INTRODUCTION
Since the discovery of black rings [1] in five dimensions, many efforts were devoted to find more general configurations
with the same topology of the horizon. The most simple black rings are solutions of vacuum five-dimensional gravity.
A considerable progress was achieved in the vacuum case due to application of inverse scattering method [2]. Black
rings were also generalized to configurations endowed with electric charges and magnetic dipole moments within
different models involving vector and scalar fields [3]. A particularly interesting model which has clear microscopic
interpretation is based on supertubes [4], and can be regarded as M2-M5 intersections of 11D supergravity, or,
equivalently, the D1-D5-P system of IIB theory. Within this theory a number of charged black rings were found
[5], but neither of them contained two independent rotation parameters. Ultimately one is interested in the nine-
parameter solution with independent mass, two rotation parameters, three charges and three dipole charges, and such
task is still far from being completed.
In purely five-dimensional treatment this theory is equivalent to U(1)3 5D supergravity with three vector and three
constrained scalar fields. Aiming to progress in obtaining the nine-parametric ring, we proposed a new solution gen-
erating technique based on dimensional reduction of U(1)3 5D supergravity to three dimensions where it is equivalent
to gravity coupled sigma model on the coset SO(4, 4)/(SO(2, 2)×SO(2, 2)) or SO(4, 4)/(SO(4)×SO(4)) [6, 7]. This
approach generalized that of [8, 9] devoted to minimal 5D supergravity in which case the coset is G2(2)/SL(2, R)
2
(see [10] for further discussion and applications and [11] for more general mathematical aspects). In the case of black
rings one can construct different realizations of these cosets performing dimensional reduction with respect to one
angular direction or a linear combination of two independent rotation angles [12]. In the second case the number of
U-duality transformations preserving asymptotic flatness is larger, so one can hope to obtain a nine-parameter ring
family starting with a seed with sufficient number of parameters.
It is tempting to start with Pomeranski-Senkov (PS) solution [13] for black ring with two rotation parameters
obtained in the vacuum 5D gravity via soliton technique. As far as we are aware, only a few attempts to charge the
PS black ring were undertaken [8, 14]. In [8] doubly rotating one-charge solution was constructed using G2 generating
technique, but it contained the Dirac-Misner string. Later Hoskisson [14] derived two-charge solution using T-duality
for a ten-dimensional uplifting of the PS solution. In this paper we give the three-charge version of the PS solution
which is a direct generalization of the one-charge solution of [8]. Eliminating two of three charges we get a very simple
solution without the Dirac-Misner string. We show that this solution can be uplifted to some 6D vacuum solution,
opening further perspectives of application of various generation methods.
Five-dimensional supergravity with three U(1) vector fields can be derived from truncated toroidal compactification
of 11D supergravity:
I11 =
1
16πG11
∫ (
R11 ⋆11 1− 1
2
F[4] ∧ ⋆11F[4] − 1
6
F[4] ∧ F[4] ∧ A[3]
)
, (1)
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2where F[4] = dA[3], according to the ansatz
ds211 = ds
2
5 +X
1
(
dz21 + dz
2
2
)
+X2
(
dz23 + dz
2
4
)
+X3
(
dz25 + dz
2
6
)
, (2)
A[3] = Aˆ
1 ∧ dz1 ∧ dz2 + Aˆ2 ∧ dz3 ∧ dz4 + Aˆ3 ∧ dz5 ∧ dz6 .
Here za = z
a, a = 1, . . . , 6 are the coordinates parameterizing the torus T 6. The three scalar moduli XI , (I =
1, 2, 3) and the three one-forms AˆI depend only on the five coordinates entering ds25. The moduli X
I satisfy the
constraint X1X2X3 = 1, implying that the five-dimensional metric ds25 is the Einstein-frame metric. The reduced
five-dimensional action reads:
I5 =
1
16πG5
∫ (
R5 ⋆5 1− 1
2
GIJdX
I ∧ ⋆5dXJ − 1
2
GIJ Fˆ
I ∧ ⋆5Fˆ J − 1
6
δIJK Fˆ
I ∧ Fˆ J ∧ AˆK
)
,
GIJ = diag
(
(X1)−2, (X2)−2, (X3)−2
)
, FˆI = dAˆI , I, J,K = 1, 2, 3,
where the totally symmetric Chern-Simons coefficients δIJK = 1 for the indices I, J,K being a permutation of 1, 2,
3, and zero otherwise.
II. GENERATING TECHNIQUE
Our generating technique is based on further reduction of (2) to three dimensions assuming the 5D metric to depend
only on three coordinates.
ds25 = λpq(dz
p + ap)(dzq + aq)− κτ−1hijdxidxj , τ = − detλ, (3)
AˆI = AIi (x
i)dxi + ψIpdz
p, I = 1, 2, 3, p, q = 7, 8, (4)
where the three-dimensional metric hij , the Kaluza-Klein (KK) one-forms a
p = api dx
i, and the moduli ϕ1, ϕ2 of T
2
together with an axion χ entering the symmetric 2× 2 matrix
λpq = e
− 2√
3
ϕ1
(
1 χ
χ χ2 + κe
√
3ϕ1−ϕ2
)
(5)
are independent on zp. A factor κ = ±1 in (3) is responsible for the signature of the direction z8: κ = 1 for space-like,
and κ = −1 for time-like. The 5D U(1) one-forms AˆI reduce to the 3D one-forms AI(xi) and six axions collectively
denoted as a 2D-covariant doublet ψIp = (u
I , vI) with the index p relative to the metric λpq .
To obtain the three-dimensional sigma-model one has to dualise the one-forms AI and ap to scalars, which will be
denoted as µI and ωp respectively:
τλpqda
q = ⋆Vp, Vp = dωp − ψIp
(
dµI +
1
6
δIJKdψ
J
q ψ
K
r ε
qr
)
,
dAI = dψIq ∧ aq + τ−1GIJ ⋆ GJ , GI = dµI +
1
2
δIJKdψ
J
pψ
K
q ε
pq. (6)
This leads to the gravity coupled 3D sigma-model
I3 =
1
16πG3
∫ √
|h|
(
R3 − GAB ∂Φ
A
∂xi
∂ΦB
∂xj
hij
)
d3x, (7)
where the Ricci scalar R3 is build using the 3-dimensional metric hij . The set of the potentials Φ
A =
(ϕ1, ϕ2, X
1, X2, ψI , µI , χ, ωp), A = 1, . . . , 16 realizes the harmonic map between the 3D space-time and the target
space (TS) with the metric GAB(ΦC):
dl2 = GABdΦAdΦB ≡ 1
2
GIJ(dX
IdXJ + dψI
T
λ−1dψJ)− 1
2
τ−1GIJGIGJ +
+
1
4
Tr
(
λ−1dλλ−1dλ
)
+
1
4
τ−2dτ2 − 1
2
τ−1V Tλ−1V. (8)
3This target space is identified as SO(4, 4)/(SO(2, 2)× SO(2, 2)) for κ = −1 and SO(4, 4)/(SO(4)× SO(4)) for κ = 1
with the isometry group SO(4, 4) acting transitively. The action of isometries is simplified if one introduces the matrix
representativeM of the coset which can be conveniently chosen as the symmetric 8× 8 matrix:
dl2 = −1
8
Tr(dMdM−1). (9)
The SO(4, 4) isometry transformations then will read
M→M′ = gTMg, (10)
where g is some SO(4, 4) matrix.
The matrix M can be written in terms of 4 × 4 matrices P , Q and P˜ = (P−1)bT , where T̂ denotes transposition
with respect to the minor diagonal:
M =
( P PQ
QTP P˜ +QTPQ
)
, detM = 1. (11)
The matrix Q, antisymmetric under T̂ , reads
Q =


µ˜1 ω˜7 ω˜8 0
−v2 −µ˜3 0
−u2 0 · · ·
0

 , (12)
where µ˜I = µI +wI , w1 = u
[3v2], w2 = u
[1v3], w3 = u
[1v2] (brackets denote alternation over indices with 1/2), and
ω˜7 = ω7 +
1
3
(u1w1 + u
3w3)− µ2u2, ω˜8 = ω8 + 1
3
(v1w1 + v
3w3)− µ2v2.
The matrix P then can be written in 3× 3 and 1× 3 blocks
P =
(
ΨTΛΨ, ΨTΛΦ
ΦTΛΨ, ΦTΛΦ+ X
1
X2
)
, (13)
where
Ψ =

 1 u3 −v30 1 0
0 0 1

 , Λ = X3
τ

 −(X3)−1 0 00 −λ77 λ78
0 λ78 −λ88

 , Φ =

 µ˜2−v1
−u1

 .
Since the target space variables are related to initial metric and matter field via differential dualisation equations
(6), extraction of a new solution from the transformed potential presents certain technical difficulties. To avoid them
one can transform in parallel the dualised matrix, which is introduced as follows [7]. Introducing the matrix-valued
current one-form J
J = Jidxi =MdM−1
we can rewrite the 3-dimensional sigma-model action (7) as
I3 =
1
16πG3
∫ (
R3 ⋆ 1− 1
8
Tr(J ∧ ⋆J )
)
.
In this expression the Hodge dual ⋆ with respect to the 3-dimensional metric hij is introduced. Variation of this
action with respect to J shows that the two-form ⋆J is closed:
d ⋆ J = 0. (14)
Variation with respect to the metric leads to three-dimensional Einstein equations:
(R3)ij =
1
8
Tr(JiJj). (15)
4The first equation (14) means that the matrix-valued two-forms ⋆J is locally exact, i.e., it can be presented as the
exterior derivative of some matrix-valued one-form N , that is
⋆ J =M ⋆ dM−1 = dN . (16)
The matrixN is defined up to adding an arbitrary matrix-valued closed one-form, which can be determined by choosing
suitable asymptotic conditions. Now comparing the matrix dualisation equation (16) with the initial dualisation
equations (6) we find the following purely algebraic relations between certain components of the matrix N ab, a, b =
1, . . . , 8 are and the previous variables ap and AI , namely
a7 = N 16, a8 = N 17,
A1 = ψ1pa
p +N 15, A2 = ψ2pap +N 14, A3 = ψ3pap −N 26. (17)
Therefore the metric and matter fields can be extracted algebraically from the matrix N . Now, from the definition
(16) and the transformation law for the matrix M (10) under the global transformations g ∈ SO(4, 4) is clear that
the matrix N obey the tramsformation law
N → N ′ = gTN (gT )−1.
To obtain the matrix N corresponding to the seed solution one has to solve the dualisation equations which is
presumably a simple problem. Then one performs transformation of N independently of the transformation of M.
This allows to avoid the back dualisation of the transformed sigma-model variables to get the desired metric and
matter fields.
III. SIGMA-MODEL REPRESENTATION OF POMERANSKY-SENKOV SOLUTION
Using the inverse scattering technique Pomeransky and Senkov [13] derived the following vacuum black ring solution
with two parameters of rotation :
ds2 = −H(y, x)
H(x, y)
(dt+Ω)2 − F (x, y)
H(y, x)
dφ2 − 2 J(x, y)
H(y, x)
dφdψ
+
F (y, x)
H(y, x)
dψ2 +
2k2H(x, y)
(x− y)2(1 − ν)2
[
dx2
G(x)
− dy
2
G(y)
]
, (18)
where the coordinates (t, x, y, φ, ψ) vary in the range −∞ < t < +∞,−1 ≤ x ≤ 1,−∞ < y < −1, 0 ≤ (φ, ψ) <
2π, k, ν, λ are parameters, and the rotation one-form is Ω = Ωψdψ +Ωφdφ. Explicitly,
Ω = −2kλ
√
(1 + ν)2 − λ2
H(y, x)
[
(1− x2)y√νdψ
+
1 + y
1− λ+ ν [1 + λ− ν + x
2yν(1 − λ− ν) + 2νx(1− y)] dφ],
and the functions G,H, J, F are (we use here the original notation of [13], not to be confused with our quantities
λpq, x, y):
G(x) = (1− x2)(1 + λx + νx2),
H(x, y) = 1 + λ2 − ν2 + 2λν(1 − x2)y + 2xλ(1− y2ν2) + x2y2ν(1 − λ2 − ν2),
J(x, y) =
2k2(1 − x2)(1 − y2)λ√ν
(x − y)(1− ν)2
[
1 + λ2 − ν2 + 2(x+ y)λν − xyν(1− λ2 − ν2)] ,
F (x, y) =
2k2
(x− y)2(1 − ν)2
{
G(x)(1 − y2)
(
[(1− ν)2 − λ2](1 + ν) + yλ(1− λ2 + 2ν − 3ν2)
)
+ G(y)
[
2λ2 + xλ[(1 − ν)2 + λ2] + x2[(1− ν)2 − λ2](1 + ν) + x3λ(1 − λ2 − 3ν2 + 2ν3)
− x4(1− ν)ν(−1 + λ2 + ν2)
]}
.
5Regularity of the black ring implies the inequalities 0 ≤ ν < 1, 2√ν ≤ λ < 1 + ν. The mass and angular momenta
can be read out from the asymptotic expansion of the metric:
M =
3k2πλ
G5(1− λ+ ν) , Jψ =
4k3πλ
√
ν
√
(1 + ν)2 − λ2
G5(1− ν)2(1− λ+ ν) ,
Jφ =
2k3πλ(1 + λ− 6ν + λν + ν2)√(1 + ν)2 − λ2
G5(1− ν)2(1− λ+ ν)2 ,
where G5 is the 5D Newton constant. This solution is free of conical and Dirac string singularities.
This solution depends only on two coordinates x, y, and therefore possess three commuting Killing symmetries
∂t, ∂φ, ∂ψ. The charging transformation arise when one choose z
8 = t and z7 is either one of the angular coordinates
φ, ψ, or some linear combination of the two [12]. The last option is technically more complicated, though it open a
way to get a reacher set of isometry transformations preserving asymptotic conditions relevant to black rings. Here
we restrict to the case z7 = ψ. In this case the three-dimensional metric which remains unaffected by transformations
reads:
hijdx
idxj =
2k2
(1 − ν)2(x − y)2
[
F (y, x)
(
dx2
G(x)
− dy
2
G(y)
)
− 2k
2G(x)G(y)
(x− y)2 dφ
2
]
. (19)
The target space potentials corresponding to dimensional reduction of the metric (18) from D = 5 to D = 3 with
respect to (t, ψ) are
λ88 = −H(y, x)
H(x, y)
, λ78 = −H(y, x)
H(x, y)
Ωψ, λ77 =
F (y, x)
H(y, x)
− H(y, x)
H(x, y)
Ω2ψ, τ =
F (y, x)
H(x, y)
,
a7φ = −
J(x, y)
F (y, x)
, a8φ = Ωφ − a7φΩψ , AˆI = 0, XI = 1.
The corresponding block matrices forming the coset matrix M will read
P =
(
Λ 0
0 1
)
, P˜ =
(
1 0
0 Λ−1
)
, Λ = τ−1

 −1 0 00 −λ77 λ78
0 λ78 −λ88

 , Q =


0 ω7 ω8 0
0 0 0 −ω8
0 0 0 −ω7
0 0 0 0

 , (20)
Ψ = diag(1, 1, 1), and the column matrix Φ is zero.
We have to calculate also the dualised quantities ωp, µI entering the matrix N . For our particular application we
will need only the quantities ω8 and some components of the matrix one-form Nidxi. The first one is the solution of
the dualisation equation
τλpqh
imhjn(∂ma
q
n − ∂naqm) =
1√
h
ǫijk∂kωp,
whose the p = 8 component can be explicited as (assuming ǫφxy = 1, and denoting h ≡ dethij):
∂xω8 = τ
√
hhφφhyy(λ78∂ya
7
φ + λ88∂ya
8
φ),
∂yω8 = −τ
√
hhφφhxx(λ78∂xa
7
φ + λ88∂xa
8
φ).
The computation gives: ω8 = −Ω˜φ.
The following components of N can be readily found
N 16 = a7 = − J(x, y)
F (y, x)
dφ, N 17 = a8 =
(
Ωφ +
J(x, y)
F (y, x)
Ωψ
)
dφ. (21)
Also, the absence of the electromagnetic potentials gives N 15 = N 14 = N 26 = 0. From non-trivial components, we
will need only N 32, which satisfies the following equations
∂xN 32φ = −
1√
h
hxxhφφ(M∂yM−1)32 = −Ω˜φ∂ya7φ +
λ288
τ
hxxhφφ√
h
∂xΩψ,
∂yN 32φ =
1√
h
hyyhφφ(M∂xM−1)32 = Ω˜φ∂xa7φ −
λ288
τ
hyyhφφ√
h
∂yΩψ .
6The solution can be presented as
N 32φ = −a˜8ψ = −Ω˜ψ + a˜7ψΩ˜φ, (22)
where the quantities a7ψ and a
8
ψ are defined as
a7ψ ≡
J(x, y)
F (x, y)
= − J(y, x)
F (x, y)
= a7φ(y, x) = a˜
7
φ(x, y), a
8
ψ ≡ Ωψ − Ωφa7ψ, (23)
and the tilded functions of x, y are introduced which correspond to interchanging the arguments: f˜(x, y) = f(y, x).
The remaining component of N are more complicated to find, but we will not need them in what follows.
IV. THE NEW SOLUTION
We are interested by asymptotically flat solutions, so we have to select those elements of the SO(4, 4) isometry
group which preserve asymptotic conditions under
M′ = gMg, N ′ = gN g−1.
where g is a symmetric 8 × 8 matrix. An analysis [6] shows that within the reduction along t, ψ which was adopted
here, such a property is fulfilled only for the three-parametric subgroup given by the matrix
g =


c3 0 −s3 0 0 0 0 0
0 c1c2 0 −s1c2 −c1s2 0 −s1s2 0
−s3 0 c3 0 0 0 0 0
0 −s1c2 0 c1c2 s1s2 0 c1s2 0
0 −c1s2 0 s1s2 c1c2 0 s1c2 0
0 0 0 0 0 c3 0 s3
0 −s1s2 0 c1s2 s1c2 0 c1c2 0
0 0 0 0 0 s3 0 c3


, cI ≡ cosh(αI), sI ≡ sinh(αI), (24)
where α1, α2, α3 are real parameters. The corresponding manipulations with matrices were performed using com-
puter. Having obtained the matrices M′ and N ′, the extraction of the target space variables of the new solution is
straightforward. These are listed as
λ′77 = D
−2/3 (cλ78 + sλ88ω8)
2
λ88
−D1/3 τ
λ88
, λ′78 = D
−2/3(cλ78 + sλ88ω8), λ′88 = D
−2/3λ88, τ ′ = D−1/3τ,
a7φ
′ = a7φ, a
8
φ
′ = ca8φ + sN 32φ , XI ′ =
D1/3
DI
, c ≡ c1c2c3, s ≡ s1s2s3,
AˆIt
′ = vI ′ = sIcID−1I (1 + λ88), Aˆ
I
ψ
′ = uI ′ = D−1I (λ78sI
∑
J<K
δIJKcJcK − ω8cI
∑
J<K
δIJKsJsK),
AIφ
′ = uI ′a7φ + v
I ′a8φ
′ − sI
∑
J<K
δIJKcJcKa
8
φ − cI
∑
J<K
δIJKsJsKN 32φ , (25)
where the functions DI , D are
DI = c
2
I −
H(y, x)
H(x, y)
s2I , D = D1D2D3.
Using them, we obtain the metric of the three-charge doubly rotating black ring as
ds25 = − D−2/3
H(y, x)
H(x, y)
(dt+Ω′)2 +D1/3
(
−F (x, y)
H(y, x)
dφ2 − 2 J(x, y)
H(y, x)
dφdψ +
+
F (y, x)
H(y, x)
dψ2 +
2k2H(x, y)
(x− y)2(1− ν)2
[
dx2
G(x)
− dy
2
G(y)
])
, (26)
with the rotation form
Ω′ = Ω′ψdψ +Ω
′
φdφ, Ω
′
ψ =
λ′78
λ′88
= cΩψ − sΩ˜φ, Ω′φ = a8φ′ + a7φ′Ω′ψ = cΩφ − sΩ˜ψ. (27)
7The corresponding vector potentials one-forms are given by
AˆI ′ =
[
sIcI2λ(1− ν)(x − y)(1− νxy)dt+
(
H(x, y)Ω˜φcI
∑
J<K
δIJKsJsK −H(y, x)ΩψsI
∑
J<K
δIJKcJcK
)
dψ +
+
(
H(x, y)Ω˜ψcI
∑
J<K
δIJKsJsK −H(y, x)ΩφsI
∑
J<K
δIJKcJcK
)
dφ
] 1
DIH(x, y)
. (28)
Finally, the scalar field can be read off from the corresponding eleven-dimensional three-charge black tube solution
ds211 = D
1/3
(dz21 + dz22
D1
+
dz23 + dz
2
4
D2
+
dz25 + dz
2
6
D3
)
+ ds25. (29)
This five-dimensional part of the solution turns into that obtained in [8] via identification of the vector fields Aˆ1 =
Aˆ2 = Aˆ3 = 1√
3
A and the charge parameters c1 = c2 = c3 = c, s1 = s2 = s3 = s. Like in this case, the metric (26) and
the fields (28) contain Dirac-Misner strings which arise if the orbits of ∂ψ do not close off at x = ±1. This is the case
since both the Ω′ψ(1, y) and the A
I
ψ
′(1, y) are proportional to Ω˜φ(1, y), which does not vanish. However, now one can
remove the Dirac-Misner string turning off any two of three charges. Indeed, setting, e.g., c1 = 1 = c2, s1 = 0 = s2
and c3 = c, s3 = s we will have the five-dimensional metric
ds25 = −D−2/3
H(y, x)
H(x, y)
(dt+cΩ)2+D1/3
(F (y, x)
H(y, x)
dψ2−F (x, y)
H(y, x)
dφ2−2 J(x, y)
H(y, x)
dφdψ+
2k2H(x, y)
(x − y)2(1− ν)2
[
dx2
G(x)
− dy
2
G(y)
])
,
(30)
where Ω now is the Pomeranski-Senkov original function and the scalar and the non-trivial vector fields being
X1′ = X2′ = D1/3, X3′ = D−2/3, Aˆ1′ = 0 = Aˆ2′, Aˆ3′ =
s
DH(x, y)
[
2cλ(1−ν)(x−y)(1−νxy)dt−H(y, x)Ω
]
, (31)
with
D = 1 + s2
2λ(1− ν)(x − y)(1− νxy)
H(x, y)
.
This black ring is free from singularities. In this case the solution corresponds to the particular case of the two-charge
black ring obtained by Hoskisson [14], if one of the charges is set to zero.
Physical parameters of the solution are:
M =
πk2λ(3 + 2s2)
G5(1− λ+ ν) , Jφ =
2ck3πλ(1 + λ− 6ν + λν + ν2)√(1 + ν)2 − λ2
G5(1− ν)2(1− λ+ ν)2 ,
Jψ =
4ck3πλ
√
ν
√
(1 + ν)2 − λ2
G5(1 − ν)2(1 − λ+ ν) , Q = −
2λcsπk2
G5(1− λ+ ν) .
The reason why this solution is so simple is the following. One may observe that once two vector fields are set to
zero while the scalar fields satisfy the condition X1 = X2 the five-dimensional theory reduces to
L5 = R5 ⋆5 1− 1
2
dϕ ∧ ⋆5dϕ− 1
2
e
− 4ϕ√
6 Fˆ 3 ∧ ⋆5Fˆ 3, Fˆ 3 = dAˆ3, ϕ =
√
6
2
lnX3. (32)
This Lagrangian turns out to be the Kaluza-Klein reduction of the 6D Einstein-Hilbert Lagrangian L6 = R6 ⋆6 1.
Therefore our one-charge non-singular solution can be uplifted to the following 6D vacuum solution
ds26 = e
ϕ
√
6 ds25 + e
− 3ϕ√
6
(
dx6 +
s
DH(x, y)
[
2cλ(1− ν)(x − y)(1− νxy)dt −H(y, x)Ω
])2
. (33)
V. CONCLUSION
In this paper we have applied the SO(4, 4) generating technique to get a charged version of the PS doubly rotating
black ring. Our general solution describes three charge black ring (or three charge black tube) with two rotation
8parameters, being a six-parametric solution. Unfortunately for arbitrary values of charges the solution is plagued with
Dirac-Misner strings. But setting zero two of the three charges one gets a particularly simple charged doubly rotating
black ring. In view of its simplicity, this solution can be used for further applications of generating transformations.
Our present reduction scheme has only one class of transformations preserving asymptotic flatness, and these generate
the electric charges. Further progress in generating black rings amounts to generating the dipole charges. Tentatively,
this may be achieved using dimensional reduction to three dimensions with respect to a linear combination of two
rotation angles.
We have also given the matrix representation of the coset SO(4, 4)/(SO(2, 2) × SO(2, 2)) in a more concise form
than in the original formulation of our technique [6].
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